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INTRODUCTION 
Let D - {z / 1 z / < I}, and for 1 <p < co, let HD denote the standard 
Hardy classes on D. If  B(z) is any inner function, and 1 < p < co, the quotient 
space Hp/BH* may be realized as the dual space of H~/BH’J((I/~) + (I/q) = I). 
Specifically, given any coset A + BHP in Hp/BHp, there is a bounded linear 
functional I,(A + BHp) defined on HqjBHg by 
L(A I- BHP):F + BH*-t B(z) A(z) F(z) dz; 
and all bounded linear functionals on Hq/BHq arise in this way. In particular, 
Hm/BH” is represented in this manner as the dual space of PJBH’. 
Hm/BHm may also be interpreted as an algebra of operators on H2/BH2. 
Specifically, given a coset A + BH” in HmlBHm, there is a bounded operator 
T(A + BHa) defined on H2/BH2 by 
T(A+ BHm):F$- BHZ-+AF+ BH2. (4 
In the special case A(x) = z, we write T(A + BH”) = S, . A’, is the compres- 
sion of the standard unilateral shift onto HZ/BH2. Sarason [SJ has shown that 
every operator commuting with S, has the form (2). 
By Beurling’s Theorem, the invariant subspaces of S, are precisely the sub- 
spaces BlH2/BH2, where B, is an inner divisor of B. The fundamental problem 
in which we are interested is to determine those operators of the form (2) which 
have the same invariant subspace lattice as S, . In the past, we have been pri- 
marily concerned with the special case in which B(z) is a singular inner function 
whose representing measure 0 is supported by a single mass point. This case is 
intimately connected with the theory of Volterra integral operators. For a detailed 
analysis of this case, see [3, 5, 61; f  or a survey of results and open problems, see 
c41. 
In the present paper, we are concerned with more general kinds of inner 
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functions B(z). The following result, proved in [3], is of fundamental importance 
to the theory. 
THEOREM A. Let B(z) be any inner function, and let A E H”. The following 
are equivalent :
(i) T(A + BHm) has th e same invariant subspace lattice as S, . 
(ii) The cosets A” + BHm, n > 0, span a weak* dense subalgebra of 
H”/BH”. 
Any coset A + BH” in H”/BH” satisfying condition (ii) is called a weak* 
generator of Ha/BHm. Hence our invariant subspace problem is translated into 
the problem of characterizing the weak* generators of Hm/BHm. In general, the 
latter problem is more directly accessible than the former one, but a complete 
solution awaits discovery. The only case in which a complete description of the 
weak* generators of Hm/BHm is presently available is the case in which B(z) is a 
finite Blaschke product; see [3]. 
In Section 1, we present some analysis of the case in which B(z) is an infinite 
Blaschke product. We restrict our attention to the comparatively tractable 
circumstance when B(z) has simple zeros, and the zeros of B(z) are a universal 
interpolation sequence. In this case, HpIBHa is isomorphic to P; see Shapiro and 
Shields [9]. We observe that when 1 < p < co, the isomorphism is also a 
homeomorphism between the respective weak* topologies of HP/BHp and lp. 
In particular, the weak* generators of HW/BHco may be accounted for in terms 
of the weak* topology of I*. Operators of the form (2) are similar to diagonal 
operators on 12. By exploiting this correspondence, we are able to deduce a 
theorem of Wermer [lo] on the invariant subspace lattices of diagonal operators 
on Z2 from Theorem A. 
Let B = BIB2 , where B, and B, are relatively prime inner functions. If 
A + BHm is a weak* generator of Hm/BHm, then evidently A + B,H* is a 
weak* generator of H”/B,H”, j = 1,2. In Section 2, we show that if Bl is a 
finite Blaschke product and B, is a singular inner function, then the converse 
also holds. In general, this is certainly not true; in consequence whereof, we 
raise the following question: Suppose A + B,H” is a weak* generator of 
Hm/BjHa, j = 1,2. What additional conditions must be imposed upon A(z) 
to ensure that A + BHw is a weak* generator of Hm/BHm ? We study this 
question in some detail in the case when B, and B, are both singular inner 
functions. 
In Section 3, we present some general considerations of the case when B(x) 
is a singular inner function. In this case, the essential properties of a coset in 
HP/BHP are naturally expressed in terms of the asymptotic behavior of its 
representatives near the support of the representing measure CJ of B(z). We 
construct a model which is more directly indicative of this phenomenon. If A(x) 
is a function which is univalent in a suitable open set whose boundary contains 
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the support of G, and if A(z) maps this set onto a bounded Caratheodory set, 
we show that A + BH* is a weak* generator of Hm/BH*. This result was 
proved in [3] in the very special case when u is supported by a single mass point. 
1. WEAK* GENERATORS AND INFINITE BLAEHKE PRODUCTS 
Let (an};” be a sequence of points of D satisfying the Blaschke condition 
C (1 - 1 LY,, 1) < 03. Let B(z) be the Blaschke product with simple zeros at the 
points {an>, and let Bk(z) be the Blaschke product obtained from B(z) by omit- 
ting the Kth factor. The sequence (m,> is called un;fmmZy sepavated if there is a 
6 > 0 such that 1 Bk(aJ > 6 for all k. By a theorem of Shapiro and Shields [9], 
the mapping 
VP: F + BHP + (( 1 - / ala 12)llp F(cr,)} (3) 
is a Banach space isomorphism of Hp/BHp onto lp, 1 <p < 00, iff (or,> is 
uniformly separated. We assert that for 1 < p < cc, F’, is also a homeomorphism 
between the respective weak* topologies of Hp/BHp and 1~. This is the effect of 
LEMMA 1. Let B(z) be a Blaschke product with simple zeros (an}, and let 
{ar,} be a uniformly separated sequence. Then for any FE HI, 
Proof. Let b,(z) be the Blaschke product with simple zeros at the points 
“1 ,***, %a , and for each k with 1 < k < n, let b&z) be the Blaschke product 
obtained from b,(z) by omitting the kth factor. By the Residue Theorem, one 
easily obtains 
Note that j b, 1 = 1 a.e. and b, --f B a.e. as n -+ CO on aD, and that 1 b,Jork)l > 
I Bk(ak)l >, 6 and bnk(ak) -@&A as n -+ CO for all k. The result now follows 
by applying dominated convergence to both sides of (5). 
As a particular consequence of Lemma 1, if FE HI, A E Hm, and nz is any 
nonnegative integer, we have 
(2+-l S,, B(z) A(Z)% F(Z) dz 
(6) 
= gl (1 Lyk lbk) (1 - 1 ak 1”) Bk(%? A(~k)mF(~k). 
Thus we observe that A + BHm is a weak* generator of Hm/BHm iff {A(cu,)} is a 
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weak* generator of 1”; i.e., the sequences (A(ol,)“}, m 3 0, span a weak* dense 
subalgebra of P. This, in turn, is true iff the conditions C 1 b, / < CO and 
C A(&” 6, = 0 for all m > 0 (7) 
together imply that 6, = 0 for all 71. Condition (7) is equivalent to the condition 
that the absolutely convergent exponential sum f(w) = C b, exp(A(ar,) w) 
vanish identically as a function of w. We therefore have the following result. 
THEOREM 1. Let B(x) and {an} b e as in Lemma 1, and let A E H”. The following 
are equivalent : 
(i) A + BHW is a weak* generator of HmlBHm. 
(ii) {A(Lu,)} is a weak* generator of P. 
(iii) The conditions C b, exp(A(or,) w) = 0 and C 1 b, j < 0~) together 
imply that 6, = 0 for all n. 
Remark. In the case when B(x) is a finite Blaschke product with simple 
zeros, it was proved in [3] that A + BH” is a generator of Hm/BHm iff A(z) 
assumes distinct values at the distinct zeros of B(z). A particular consequence of 
Theorem 1 is that this result is false for infinite Blaschke products. The condi- 
tion that A(z) assume distinct values at the distinct zeros of B(z) is not sufficient 
to imply condition (iii) of Theorem 1; see Wolff [1 l] and Brown, Shields and 
Zeller [I]. 
Let B(z) and (an} b e as in Theorem 1. Let N be any subset (finite or infinite) 
of the positive integers, and let BN(z) be the Blaschke product with simple zeros 
at the points ‘Ye with k $ N. By Beurling’s Theorem, a subspace of H2/BH2 is 
invariant under Ss iff it has the form BNH2/BH2 for some N. For each k, set 
,!&(a) = (1 - 1 DL~ l2)-1j2 Bk(c$l B,(z). Then the cosets E2 + BH2 are a Riesz 
basis for H2/BH2; the mapping V, carries E, + BH2 onto the sequence el, 
with a 1 in the kth slot and zeros elsewhere. The subspace B,H2/BH2 is spanned 
by the cosets E, + BH2 with k E N, and thus is carried by V, onto the subspace 
dN of l2 spanned by the sequences ek with k E N. 
For any sequence a = (a,} E I”, there is a bounded operator D, defined on Z2 by 
If A G Hm and A(a,) = a, , clearly V,T(A + BHa) = D,V, . Obviously, any 
operator of the form (8) leaves every subspace J& invariant. As far as we know, 
it remains an open problem to give a direct characterization of those operators of 
the form (8) having no other invariant subspaces. However, in view of the 
foregoing discussion, the following result is an immediate consequence of 
Theorem A and Theorem 1. 
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THEOREM 2. Let B(x) and {a,,} be as in Theorem 1, let a = {a,} E I”, and let 
A E Hw with A(ar,) = a, . Then the following are equivalent : 
(i) The only invariant subspaces of D, are the subspaces J’& . 
(ii) The only invariant subspaces of T(A + BH”) are the subspaces 
BNH2/BH2. 
(iii) A + BH” is a weak* genuator of HmjBHm. 
(iv) The conditions C b, exp(A(or,) w) = 0 and C 1 b, 1 < co together 
imply that b, = 0 for all n. 
The equivalence of (i) and ( ) iv was originally proved by Wermer [lo]. 
2. WEAK* GENERATORS AND FACTORIZATION OF INNER FUNCTIONS 
If B(z) is any inner function, and B,(z) is a divisor of B(z), it is a simple matter 
to observe that if A E H” and A + BH” is a weak* generator of Hm/BHm, then 
A + B,H” is a weak* generator of H”/B,Hm. One has only to make use of the 
obvious identity 
(9) 
valid for any FE H1. 
As a particular consequence of this, we note that if B = BIB, , where BI and 
B, are relatively prime inner functions, and if A + BH” is a weak* generator of 
Hm/BHa, then A + BjHm is a weak* generator of H”/B,H”, j = 1,2. It is 
natural to inquire about the possibility of a modified converse to this. To be more 
precise, suppose that A E Hm, and that A + BjHm is a weak* generator of 
H”/B,H*, j = 1,2. What additional conditions must be imposed upon A(z) in 
order to ensure that A + BHa is a weak* generator of H”/BH” ? 
The answer to this question is heavily dependent upon the nature of BI and 
B, . In the case when BI and B, are finite Blaschke products, the additional 
condition is that the values of A(z) at the zeros of B,(z) be distinct from the 
values of A(z) at the zeros of B,(z); see [3]. If B, and B, are both singular inner 
functions, with representing measures oi and o2 , respectively, then existing 
evidence tends to suggest hat the correct additional conditions is that the asymp- 
totic values of A(z) near the support of o1 be distinct (in some sense) from the 
asymptotic values of A(z) near the support of u2 . We shall examine this case in 
more detail later. In the case when B, is a finite Blaschke product and B, is a 
singular inner function, no additional condition is necessary, in testimony 
whereof we submit 
THEOREM 3. Let B = BIB, , where B, is a Jinite Blaschke product and B, is a 
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singular inner function, and let A E H”. Then A + 3Hm is a weak* generator of 
HmlBHm iff  A + BjH” is a weak* generator of Ha/&H”, j = 1,2. 
Proof. Write Bl = nl, b, , where 
and m, is a positive integer. For 1 < k < n, let 
644 = &(4 fi b&4, 
j=l 
and put B,(z) = B,(x). Let A E Hm, and assume that A + BjH” is a weak* 
generator of H”/B,H=, j = 1,2. To prove that A + BH” is a weak* generator 
of HCCIBHiC, we proceed by induction. We show that if A + &Ha is a weak* 
generator of Hm/&Hm, then A + BkflHrn is a weak* generator of Hm/Blc+lHm, 
0 < k < n - 1. Set Ak(z) = A(z) - A(cx,+,). If A + &Ha is a weak* gene- 
rator of Hrl&Hm, so is A, + &Hm. Since Ak(z) takes distinct values at the 
distinct zeros of B,(z), A,(q) # 0 for j # k + 1. Also, evidently A, + bk+lHm 
is a generator of H°C/bk+lHm. 
Now if FE HI-, there exist Fl , F, E H1 such that F(z) = bk+l(z) F,(x) + 
&(z)F2(x). Thus we have 
Suppose that the left hand side of (10) vanishes for all m > 0. Since Alc(ale+J 
= 0, Cauchy’s integral formula implies that the second integral on the right 
hand side vanishes for m 3 mk+r . Hence also 
1‘ B,(z) A&)” F,(z) dz = 0, aD (11) 
m > m3+r. But since A + &Hm is a weak* generator of Hm/&Hm, this 
implies that B, divides Am”~+lFl , However, no nonconstant inner divisor of B, 
can divide -4, , and Al, does not vanish at any zero of Bk . It follows that no 
nonconstant inner divisor of 8, can divide the function Amk+l, so that 8, must 
divide Fl . Thus (11) actually hoIds for all m > 0. Hence also 
J aD b,+,M 4&4”F&) dz = 0 (12) 
for all m 3 0. Thus bk+, divides F, . It follows that 8,+, divides F. Hence 
A + &+=Hm is a weak* generator of Hm/&+lHm, and the result follows. 
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3. THE SINGULAR CASE 
Henceforth, we assume that B(z) is a singular inner function whose repre- 
senting measure u is supported on a closed, proper subset of 8D. In this case, 
the essential properties of a coset in Hp/BHp are most easily phrased in terms of 
the asymptotic behavior of its representatives near the support of u. Our first 
goal, and the fundamental goal of this section, is to replace the spaces Hp/BHP 
by a family of spaces more directly indicative of this phenomenon. We begin 
with some auxiliary notions. 
Let R be a Jordan domain, and let 1 <p < co. A function f(z) analytic in 
R is said to belong to the class EP(R) if there exists a sequence (~~~3 of rectifiable 
Jordan curves, converging to aR in the sense that yn eventually surrounds any 
compact subset of R, such that 
.r If(4l” I dz I G ivl (13) Y” 
for some 1M > 0 and all n. For notational convenience, we define ES(R) to be 
the class of all functions bounded and analytic in R. Basic properties of these 
classes are discussed in Chapter 10 of [2]. 
More generally, if R is an open set with finitely many components R, ,..., R, , 
each of which is a Jordan domain, there is an obvious way to define E”(R). 
Namely, a functionf(z) analytic in R is said to be of class Ep(R) if the restriction 
of f(a) to R, belongs to Ep(R,) for each K, 1 < K < 72. 
DEFINITION. ForanypwithO<p<landanyXwith]A] = l,letD(p,h)= 
(2 / j z - ph 1 < 1 - p}. If I is any proper, closed subarc of aD (possibly a 
single point), let D(p, I) = (JAEI D(p, A). A subset R of D will be called a wurst- 
kreis if it is the union of a finite number of disjoint sets of the form D(p, I). 
For any p with 0 < p < I, and any h with I h / = 1, the mapping 
w = z’(X + .z)/(X - .z) sends D onto the half plane Im w > 0, and D(p, A) onto 
the half plane Im w > p/( 1 - p). Using this observation, together with standard 
facts about the Hardy classes of a half plane, one may easily show that if F E HP, 
then F E En(R) for any wurstkreis R. 
The following result is of fundamental importance. 
LEMMA 2. Let B(z) be a singular inner function whose representing measure u 
is supported on a closed, proper subset of aD, and let R be any wurstkreis with 
supp 0 C aR. Then for any F E H1, 
s,,, 84 F(4 dz = s,, B(z)-’ F(x) dz, (14) 
where all integrals are oriented in the positive sense. 
WEAK GENERATORS 59 
Proof. The result is essentially a consequence of Cauchy’s Theorem, after a 
myriad of precautions. For ease of notation, we give the details only in the case 
when R consists of a single component. The modifications necessary to obtain 
the general case will be obvious. We therefore assume that R = D(p, I) for some 
p and I. We assert that B(z)-1 is bounded in D\R. To see this, fix z E D\R, and 
choose h E I which maximizes Re[(h + z)/(h - z)]. We then have 
j B(z)\-l = exp j02m Re[(.@ + z)/(ei” - z)] do(t) 
< exp[+) Re[(h + 4/(X - 411 
G expb(I) f,‘(l - ~11, 
since z E D\D(p, h). The assertion follows. 
To prove (14), it suffices to show that 
I 
B(z)-‘F(z) dz = 0, (15) 
Y 
where y consists of the closed subarc of aD complementary to 1 and the portion 
of aR lying inside D, positively oriented. To obtain this, one has only to appro- 
ximate y by a suitable sequence of curves lying in D, and apply Cauchy’s 
Theorem, together with the appropriate convergence criteria. One way to 
accomplish this is as follows. Suppose that I subtends a central angle 8, , and 
let I(0) be a closed arc containing I and subtending a central angle 0 > B,-, .
Let I’(e) be the closed subarc of aD complementary to 1(e). If 0 is sufficiently close 
to 0, , the two radii of D drawn to the endpoints of I(0) both intersect aR in 
two points. For each of these two radii, we select the point of intersection with 
aR which is furthest from 0, and denote the two points so obtained by a(0) and 
/I(e). Then for S > 0 sufficiently small, let ~(6, 0) be the positively oriented 
curve consisting of (1 - 6) l’(e), th e t wo radial segments contained between 
the two endpoints of (1 - 6) I’(e) and the respective points a(0) and /3(e), and 
the portion of aR lying in D and between a(0) and /3(e). Then by Cauchy’s 
Theorem 
s de,e) 
B(z)-l F(z) dz = 0. (16) 
(15) follows from (16) by successively letting 6 -+ 0 and 0 + 8, . Justification 
of these processes is dependent upon the fact that FE EP, and that B(x)-l is 
bounded in D\R, and is obtained from H1 mean convergence of radial limits, 
dominated convergence, and the Fejer-Riesz inequality. 
If B(z) is any singular inner function whose representing measure (T is sup- 
ported on a closed, proper subset of aD, a wurstkreis R will be called B-compa- 
tible if supp (T C 3R. Any Smimov domain XC D which is obtained by con- 
necting together the components of a B-compatible wurstkreis R will be called a 
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B-asymptotic domain. R will be called the foundation of X. It is not difficult to 
see that P(X) C Ep(R) for all p with 1 <p < co. 
THEOREM 4. Let B(x) be a singular inner function whose representing measure 
c is supported on a closed, proper subset of aD, and let X be any fixed B-asymptotic 
domain. The if I < p < to, the correspondence 
F -/- BHP -+ F + BEp(X) (17) 
is a linear isomorphism of Hp/BH” onto E”(X)/BEp(X) for 1 2; p < ~1, and an 
algebra isomorphism of HmlBHm onto E”(X)/BE”(X). 
Proof. The only nontrivial fact is that the correspondence (17) is onto. Let R 
be the foundation of X, and assume first that 1 < p < co. Given any A E F(X), 
there is a bounded linear functional L(A + BEp(X)) defined on Hq/BHQ((l/p) + 
U/d = 1) bY 
L(A + BED(X)): F + BHq + 
.r 
B(z)pl A(z) F(z) dx. (18) 
ax 
Thus there is a function G E HP such that 
[ 
sax 
B(z)-l A(z) F(z) dx = Iao B(z) G(z) F(z) dz 
== j B(z)-l G(x) F(z) dz 
8R 
= j B(z)-l G(z) F(z) dz. 
ax 
for all FE Hq. Here the second equality follows from Lemma 2, and the third 
equality from Cauchy’s Theorem. Thus if H = A - G, we have 
s B(x)-l H(x) F(z) dx = 0 (19) ax 
for all F E Hq. We assert that HE BEp(X). T o see this, note that (19) implies that 
s B(W H(4 [VW - W)>/(~ - 01 d.z =0 ax 
for all FE HP and all t E X. Thus we have 
j 
ax 
[B(x)-l H(z) F(z)/@ - 01 d.z = F(5) s, [B(W H(M~ - 511 dz. 
Choosing F : B, we obtain 
= (2~+ s,, [B(x)-l H(z) B(z)/@ - 5)] dz 
= (B(5)/274 J‘,, [B(V H(#(z - 511 dz. 
Therefore 
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B(l)-l H(5) = (2+ I, [B(z)-l H(z)@ - C)] dz. (20) 
Since X is a Smimov domain, it follows at once that B(x)-l H(z) belongs to 
Ep(X); see [2, p. 1841. 
In the case p = 1, we proceed as follows. Given any F in F(X), by the Riesz 
factorization F = F,F, , where Fl , F, E Es(X). By what was just proved, there 
exist functions G1, G, E H2 such that Fj - Gi E BE2(X), j = 1,2. It follows 
easily that F - G,G, E BB(X). The result is proved. 
Remark. We note in passing that if X is a B-asymptotic domain, and R its 
foundation, and if F E El(X), then 
s,, B(z)-l F(x) dx = s,, B(z)-l F(z) dz. (21) 
This is essentially a consequence of Cauchy’s Theorem, and is proved in a 
manner similar to the proof of Lemma 2. 
For a given singular inner function B(z), a sequence {X,} of B-asymptotic 
domains will be called regular if X,,, CX,foralln,andn,(X,nD)= ia.If 
{X,} is any regular sequence of B-asymptotic domains, we define nP(X,; B), 
1 6 p < co, as the family of all functions F(z) belonging to Ep(X,) for some n. 
We identify two such functions if one is an analytic continuation of the other. 
Given F, G E IP(X,; B), F + G and FG are defined pointwise on the largest X, 
on which F and G are both defined. With these conventions, l7p(X,; B) becomes 
a complex linear space for 1 < p < co, and a complex commutative algebra 
for p = co. When no confusion is likely, we shall abbreviate flr(X,; B) by 17”. 
On account of Theorem 4, the correspondence 
F+BHp+F+BlP (22) 
is easily seen to be a linear isomorphism of Hp/BH” onto nP/Bli’P, 1 < p < co, 
and an algebra isomorphism of Hm/BHm onto IITm/B.Um. These isomorphisms 
may be used to transfer all the topological structures of Hg/BHp to flP/Bnp. 
Thus in particular, n2/BlT2 becomes a Hilbert space. For any coset A + BIIm 
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in Ila/BITm, there is a bounded operator T(A + BIlm) defined on l?/BIP by 
T(A + BP): F + BP-+ AF + BP. (23) 
17m/BIlw may also be realized as the dual space of IP/BlP. For any coset 
A + Bl7@ E Ilm/BIla, there is a bounded linear functional L(A + BIIa) 
defined on IP/BIP by 
L(A + BP): F + BW + 
s 
B(z)-’ A(z) F(z) dz, (24) 
%I 
where X,, is any member of the regular sequence on which both A and F are 
defined. In view of the remark following Theorem 4, (24) may be rewritten as 
L(A + BLl”): F + Bfll --+ 
s 
B(z)-l A(z) F(z) dz, 
a‘% 
(25) 
where R, is the foundation of X, . In particular, it follows that the weak* 
topology of Ilm/Bi7w is completely determined by the asymptotic behavior of 
coset representatives on the sequence {Rn}. 
Given A E IP, we say that A + Bl7* is a weakm generator of lI*/BIIa if the 
cosets A” + BIIm, n 3 0, span a weak * dense subalgebra of lIm/Bllm. If 
A E Hm, it is clear that A + BH* is a weak* generator of H”/BH” iff A + BIlcv 
is a weak* generator of 17m/B17m, for any regular sequence (X,}. 
The choice of the sequence (X,} is largely dictated by the particular nature 
of B(z). In the special case when B(z) = exp[a(z + h)/(z - A)], for some a > 0 
and X E aD, one has only to choose a sequence {p,} with 0 < pn < 1 and pn ---f 1, 
and put X, = D(p, , I\). After a conformal mapping, this gives the half-plane 
IIp model originally constructed in [3]. 
BRIEF DIGRESSION. Theorem 4 has a variety of applications other than the 
construction of asymptotic models for Hp/BHp, and we should like to take a 
moment to discuss one of these. Suppose that Bl and B, are singular inner 
functions supported on disjoint, closed subarcs 1, and Is of aD. It is well known 
that there exist functions Gr , G, E Hm such that BIG, + BzGz = 1. This is an 
immediate consequence of the Corona Theorem of L. Carleson, but it can also 
be derived rather easily from Theorem 4. To see this, choose p with 0 < p < 1, 
and let R = D(p, 1r). Then B,(z)-1 belongs to P(R), so by Theorem 4 there is 
a function A E Ha such that B,(z)-1 = A(z) + B,(z) H(z), for some HE E”(R). 
Then 1 = B,A + &(B,H). Also B2H = (1 - B,A)/B, . Thus B,H is analytic 
in all of D. Moreover, B,H is bounded in R, and B,(z)-l is bounded in D\R. Thus 
B,H is bounded in D. The result now follows upon setting Gr = B,H and 
G, =A. 
The next result provides a simple criterion for weak* convergence of sequences 
in P/BP. 
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LEMMA 3. Let B(z) be a singular inner function, let (X,> be a regular sequence 
of B-asymptotic domains, let (R,) be the associated sequence of foundations, and let 
IF’ = I7p(X,,; B). Let (Ak} C nm. Then in order that the sequence {A, + BIIm} 
converge in the weak* topology to a coset A + BI7* in 17m/BIIm, it sufices that 
{Ak} be uniformly bounded in some R, , and there converge pointwise to A. 
Proof. This is immediate from the representation (25). 
We are now ready to obtain a useful sufficient condition for weak* generators 
of 17~/B17”. 
THEOREM 5. With the same notation as in Lemma 3, let A E II=. In order that 
A + B17m be a weak* generator of Ilm/BIIm, it is su$icient that A(x) be univalent 
in some R, , and that A(R,) be a Caratheodory set. 
Proof. By a theorem of Rubel and Shields [7], there exists a sequence of 
polynomials {plc} uniformly bounded in A(R,), and there converging pointwise 
to A-l. Thus (p,(A(z))} is uniformly bounded in R, , and there converges 
pointwise to the identity function C(z) = z. The result is now immediate from 
Lemma 3. 
Theorem 5 is intimately connected with the question raised in the previous 
section, as the following obvious corollary serves to illustrate. 
COROLLARY. Let B = B,B, , where B1 and B, are singular inner functions 
whose representing measures u1 and u2 are supported on disjoint, closed subarcs I, 
of aD. Then A + BH” will be a weak* generator of HmlBHm if it satisjies these 
conditions: 
(i) There exist p1 and p2 with 0 < p1 < 1 and 0 < pz < 1, such that A(z) 
is univalent in D(p, , 11) and D(p2 , I,), and A(z) maps each of these regions onto a 
Caratheodory domain. 
Condition (i) ensures that A + B,H* is a weak* generator of Hm/BjHm, 
j = 1, 2. Condition (ii) is the additional condition which ensures that A + BHDD 
is a weak* generator of Hm/BHQ, and is generally illustrative of the heuristic 
comments of the previous section. Conceivably, it may be possible to weaken 
this condition in some way, but it cannot be deleted altogether. Condition (i) 
alone is not sufficient to imply that A + BH” is a weak* generator of H”/BH”. 
We conclude this section with an example to illustrate this. 
Consider the special case Bj(z) = exp[(z + h,)/(z - A,)], where Xj E aD, 
j = 1,2, and let B = B,B, . In general, the coset .z* + BHDD may or may not be 
a weak* generator of Hm/BHm, depending upon the relative positions of A, and 
A, . If +[arg A1 - arg AZ] is an irrational number, then one may readily verify 
that A(x) = P satisfies (i) and (ii) of the corollary for all n 3 1. If +[arg A, - 
arg A,] is rational, A(x) = zn still satisfies (i), but (ii) may fail. For example, 
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A(z) = x2 satisfies (ii) iff A1 and A, are not antipodal points. If A, and A, are 
antipodal points, we assert that z2 + BH” is not a weak* generator of Hm/BHm. 
To prove this, we lose no generality in assuming that A1 = --I and A, = 1. 
With this assumption, we claim that 
s- B(z)p(z2) G(x) dz = 0 8D (26) 
for every polynomial p and every even function G E H1. To see this, choose any 
p with $<p<l. 
Then by Lemma 2, for any GE H1, we have 
s- +) P@“> GC4 dz aD 
=.I 
aD(p,-l) WY AZ”> W4 dz + jaDc, 1) WY1 Pk”) G(z) dz. 
(27) 
Now if G(z) is even, upon substituting z = -w in the first integral on the right 
hand side of (27), we obtain 
s aD( P* 
-1) BW1 P@"> G(4 dx = - s,,, 
P. 
l) %V P(w") G(w) dw. 
(26) follows, and with it, the assertion. 
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